Abstract. Let A be a Noetherian Cohen-Macaulay domain, b, c 1 , . . . , cg an A-sequence, J = (b, c 1 , . . . , cg)A, and B = A [J/b]. Then B is Cohen-Macaulay, there is a natural one-to-one correspondence between the sets Ass B (B/bB) and Ass A (A/J), and each q ∈ Ass A (A/J) has height g + 1. If B does not have unique factorization, then some height-one prime ideals P of B are not principal. These primes are identified in terms of J and P ∩A, and we consider the question of how far from principal they can be. If A is integrally closed, necessary and sufficient conditions are given for B to be integrally closed, and sufficient conditions are given for B to be a UFD or a Krull domain whose class group is torsion, finite, or finite cyclic.
Introduction
Since the only units of C i are the nonzero elements of F , C i is not a localization of B. As we discuss below, this is possible because of the existence in B of height-one primes that have no principal primary ideals.
Our investigation of the subject of birational extensions of a Noetherian UFD is motivated by the recent paper [9] where simple birational extensions of A are considered. It is well known that B = A[c/b] fails to be a UFD if and only if there exist in B prime ideals of height one that are not principal. A goal of [9] and also of the present paper is to identify all such primes of B and to consider how far from principal they can be. It is shown in [9, Theorem 2.8 ] that if b is irreducible in A and bB has more than one minimal prime, then each of the minimal primes of bB fails to be the radical of a principal ideal.
There is much that has already been done in this area. [14] , [1] , [2] , [6] , [7] .
Let P ∈ Spec(B) be a height-one prime ideal. A goal of this paper is to identify in terms of J and P ∩ A: (1) the height-one prime ideals of B that are principal; and, (2) the height-one prime ideals of B that have a principal primary ideal. The result [9, Theorem 2.8] mentioned above is a good example of the type of result we are interested in proving.
Assume Thus there exists a one-to-one correspondence between the elements of Ass B (B/bB) and the elements of Ass A (A/J) given by p (∈ Ass A (A/J)) = P ∩ A with P ∈ Ass B (B/bB) and P = pB. Also, each q ∈ Ass A (A/J) has height g + 1. If A as above is also an integrally closed domain, necessary and sufficient conditions are given in Remark 2.3 for B to be integrally closed. The main result of Section 2, Theorem 2.4, gives sufficient conditions for B to be a UFD or a Krull domain whose class group is torsion, finite, or finite cyclic.
In Section 3 we concentrate on the height-one prime ideals P ∈ Spec(B) such that p := P ∩ A also has height one. This happens if and only if b / ∈ P and thus includes all but finitely many of the height-one primes of B. The main results of Section 3, summarized in Theorem 3.14 and Corollary 3.15, apply in the case where A as above is a UFD and show that P = pB (a principal prime ideal) if and only if p ⊆ {q | q ∈ Ass A (A/J)}. Also, if p ⊆ {q | q ∈ Ass A (A/J)}, then P (= pA [1/b] ∩ B) has a principal primary ideal if and only if there exists a positive integer h and an element x ∈ p ∩ J h such that either b, x/b h is a B-sequence or (b, x/b h )B = B. For a height-one prime ideal P ∈ Spec(B) such that P ∩A = p also has height one, this gives a complete description of whether or not P is a principal prime ideal, or has a principal primary ideal, in terms of properties of P ∩ A.
In Section 4 we concentrate on the height-one prime ideals P in B such that ht(P ∩ A) > 1. It is shown that if the prime factors of b satisfy a mild condition, then P is principal (resp., has a principal primary ideal) if and only if for some prime factor b i of b, the ideal (b i , c 1 , . . . , c g )A = P ∩ A (resp., (b i , c 1 
, . . . , c g )A is (P ∩ A)-primary).
In Section 5 we consider the case where b is a power of a prime element. In this case it is shown that if A is a UFD, then B is a Krull domain with torsion class group if and only if J is primary and integrally closed, and if this holds, then B has finite cyclic class group. Also, if J is not primary, then for each height-one prime ideal p contained in at least one, but not all, prime divisors of J, it holds that the height-one prime pA [1/b] ∩ B has no principal primary ideals.
In Section 6 we apply the previous results to the Rees ring R = A [1/t, tJ] . It is shown that R is a UFD if and only if J is prime (and then each of the rings B j = A[J/c j ] is a UFD), and that R is a Krull domain with torsion class group if and only if J is primary and integrally closed, and if this holds, then R has finite cyclic class group and each of the rings B j is a Krull domain with a finite cyclic class group.
Finally, in Section 7 we illustrate some of the results in this paper by showing how to produce, for any finitely generated abelian group G and any integrally closed Cohen-Macaulay domain R containing a field of characteristic zero, a monoidal transform B of R[X, Y ] which is integrally closed and Cohen-Macaulay, and such that there is an exact sequence 0 It is well known that a domain R is a UFD if and only if R is a Krull domain with trivial divisor class group Cl(R), and the group Cl(R) is often taken as a measure of the failure of unique factorization of the Krull domain R. For example see [5] . Since B is Cohen-Macaulay, B satisfies Serre's condition S 2 , and thus B is a Krull domain if and only if B P is integrally closed for each height-one prime P of B. In Remark 2.3, we observe that B P is integrally closed for all height-one primes P of B except possibly for those P ∈ Ass B (B/bB), and the integral closedness of B P for these remaining primes is equivalent to J being integrally closed. The main result in this section, Theorem 2.4, specifies relations between the divisor class groups Cl(A) and Cl(B). In particular, sufficient conditions are given for B to be a UFD or a Krull domain whose class group is torsion, finite, or finite cyclic. To prove these results we need several preliminary results.
The first of these is a result of E. D. Davis; it is applied in Proposition 2.2 to give the relationship between the primary decompositions of J = JB ∩ A = bB ∩ A and JB = bB. [1/b] ), so B P is integrally closed (since A P ∩A is). It therefore follows from Nagata's definition of a Krull domain (on p. 115 of [12] ) that (1) and (2) are equivalent. It is clear that (5) implies (4), and (4) implies (1) by the result of Lipman and Mattuck quoted above. Then (1) implies (3), since B integrally closed implies that bB is integrally closed, and by Proposition 2.2, bB ∩ A = J. Finally, by the above result of Goto, (3) implies (5).
We can now prove the main result in this section. It includes a sufficient condition for B to be a Cohen-Macaulay UFD. As mentioned in the introduction to this section, if R is a Krull domain, we let Cl(R) denote the divisor class group of R. Example 2.8 shows that the sufficient condition in Theorem 2.4(4) for B to be a UFD, that J is a prime ideal generated by an A-sequence, is not a necessary condition.
Theorem 2.4. Assume that

Example 2.8. Let
where Z Z is the ring of integers, p is a prime integer and X, Y are algebraically independent over Z Z. Then B is a Cohen-Macaulay UFD, but (pY, p 2 , XY 2 )A is not a prime ideal.
Proof. B is a UFD by two applications of Theorem 2.4, namely: The following lemma is frequently used below.
An example similar to Example 2.8 is
Lemma 2.9. Let P ∈ Spec(B) and let p = P ∩ A. Then the following hold: 
3. The case where height(P ∩ A) = 1
In this section we are interested in how close B is to being a UFD if J is not necessarily a primary ideal (as was assumed in Theorem 2.4(2)- (4)). So we are especially interested in which height-one prime ideals P of B: (1) are principal; or, (2) have a principal primary ideal. (Note that, since B is Cohen-Macaulay, by Proposition 2.2, P has a principal primary ideal if and only if P is the radical of a principal ideal.) The ideal bB plays a crucial role in answering (1) and (2), and it is the (height-one) prime divisors of bB that are the hardest to handle, so we delay considering them until Section 4. Our results in this section completely answer (1) and (2) above (except for the prime divisors of bB).
Many of the results in this section do not require the hypothesis that A is a UFD, so we do not assume that A is a UFD until Remark 3.8. Therefore, the running hypothesis up through Remark 3.7 is that A is a Cohen-Macaulay ring, b, c 1 We begin with a remark that describes the relationship between the height-one primes in A and the height-one primes in B. We say that a prime ideal P of A is not lost in B if there exists a prime ideal P of B such that P ∩ A = P [19, page 325] . In this section we concentrate on the primes in (1) of Remark 3.1. For these primes the further property: p ⊆ {q | q ∈ Ass A (A/J)} plays an important role in our investigation of whether or not P is principal or has a principal primary ideal. We concentrate on the primes in (2) of Remark 3.1 in Section 4.
We frequently use the following lemma. (Our first use of it is in the statement of Proposition 3.3.) The lemma shows that each element in B − J has a unique representation of the form
(Note that the elements in J cannot be written in this form.) 
Lemma 3.2. For each element β ∈ B −J there exists a unique nonnegative integer h and a unique element
Therefore assume that β ∈ B − J and let
And it is now straightforward to check that the integer h and the element x are unique. Finally, it is clear that
In Proposition 3.3 several characterizations are given for an element β ∈ B to have the property that either b, β is a B-sequence or (b, β)B = B. This result plays an essential role in answering (1) and (2) in the first paragraph of this section. Since JB = bB, we restrict attention in this proposition to the elements in B − J. Also, in Proposition 3.3 we use the Rees ring R(A, J) of A with respect to J, so R(A, J) is the graded subring A [u, tJ] of A [u, t] , where t is an indeterminate and u = 1/t.
Proposition 3.3. Let β be a nonzero nonunit in B−J, and let h be the nonnegative integer such that
Then the following are equivalent: (1)- (7) hold. If xA is a prime (resp., primary) ideal, then βB is a prime (resp., primary) ideal, and the converse holds if xA : A bA = xA.
regular nonunit in the form ring F(A, J) of A with respect to J. (7) For all nonnegative integers e and for all y
Proof. It is clear that (1) ⇔ (2), since βB : B bB = βB if and only if bB : Let 
h x is not an R-sequence, then uR : R t h xR = uR, so t h x ∈ p for some prime divisor p of uR (and height(p) = 1, since R is Cohen-Macaulay and u is a regular nonunit), so tb ∈ p (since u, t h x is a B-sequence), and this contradicts the fact that u, tb is an R-sequence).
On the other hand, assume that (u, (4) holds (so (2) ⇒ (4), as desired). Therefore it may be assumed that (u, t h x)R = R, so it must be shown that u, t h x is an R-sequence. For this, if u, t h x is not an R-sequence, then t h x is in some (height-one) prime divisor p of uR. But, since (u, t h x)B = B, it follows that tb ∈ p, and this contradicts the fact that u, tb is a R-sequence. Therefore the supposition that u, t h x is not an R-sequence leads to a contradiction, so (2) 
and uB = bB), so (4) ⇒ (2), as desired). Therefore it may be assumed that (u,
It is shown in [15] that
, it is readily seen that (6) ⇔ (7).
To complete the proof of the equivalence of (1)- (7) it must be shown that (5) is equivalent to the other statements. For this, it is clear that Ass
Finally, assume that (1)- (7) hold. If xA is a prime (resp., primary) ideal, then
For the converse, assume that βB is a prime (resp., primary) ideal and that (3)), so for all large integers n it holds that xA = xA :
A is a prime (resp., primary) ideal.
Concerning Proposition 3.3, recall that if H is an ideal in a ring R and if h is a positive integer, then an element x ∈ H
h is a superficial element of degree h for H in case there exists a nonnegative integer c such that (H n+h : xR)∩H c = H n for all integers n ≥ c. The usual way of finding a superficial element of degree h for H is to pick an element x of degree h in the form ring F = F(R, H) of R with respect to H that is not in any prime divisor of zero that contains H; equivalently (since F = R
(R, H)/uR(R, H)), t h x is not in any prime divisor of uR(R, H) that contains tHR(R, H).
Since A is Cohen-Macaulay and J is generated by an A-sequence in Proposition 3.3, uR(A, J) has no prime divisor that contains tJR(A, J), so, if h > 0, then the element t h x is a superficial element of degree h for J. A good reference for this is [18] .
The next result is an immediate corollary of Proposition 3.3. Proof. For (1), note that each element in B may be written in the form β/b n for all large integers n with β ∈ J n . So for all large integers n it holds that
n B for all large integers n, and (
have the same total quotient ring for j = 1, . . . , g, and (1) follows from this.
(2) follows similarly since
where
and hence
In the next result, if p = πA with π / ∈ J, then Proposition 3.3 could be used to give a short proof of the result. However, π may be in J, so we give an alternate proof that does not use Proposition 3.3. This result characterizes when a principal nonzero prime ideal p in A (with b / ∈ p) extends in B to a prime ideal.
Proposition 3.6. Let p be a height-one principal prime ideal in
Then the following are equivalent:
Now assume that p ⊆ q ∈ Ass A (A/J). Then pB ⊆ qB, and qB is a height-one prime ideal that contracts in A to q, by Proposition 2.2. Also, p = pB ∩ A (as noted in the preceding paragraph) ⊆ qB ∩ A = q, so pB is properly contained in the height-one prime ideal qB, so pB is not prime. It follows that (1) ⇒ (2).
Finally, if pB is not prime, then pB = pB : B bB (by (1) ⇔ (3)), hence b is in some prime divisor Q of pB. However, p is principal and B is Cohen-Macaulay (by Proposition 2.2), so ht(Q) = 1. Therefore Q ∈ Ass B (B/bB), so Q∩A ∈ Ass A (A/J) (by Proposition 2.2), and
Remark 3.7. Using Proposition 3.6 and a theorem of Nagata [17, Theorem I.6.3] , the questions we are considering about the structure of the height-one prime ideals of B may be reduced to the case where A is semilocal with {q | q ∈ Ass(A/J)} as the set of maximal ideals of A.
We now add the hypothesis that A is a UFD, so from here through the end of §6, A is a (Noetherian) Cohen- Macaulay UFD, b, c 1 , . . . , c g (g ≥ 1) is an A-sequence,  I = (c 1 , . . . , c g )A, J = (b, c 1 , . . . , c g )A = (b, I)A, and B = A[c 1 /b, . . . , c g /b] . Also, Proof. This follows immediately from Lemma 2.9(2) (and the fact that if
For a nonzero nonunit x ∈ A, Proposition 3.9 considers the situation where xB is a primary ideal. 
Proof. If ht(p) > 1, then it follows from Lemma 2.9(3) that b ∈ p ∈ Ass A (A/J) and that P = pB. Also, if q ∈ Ass A (A/xA) and if b / ∈ q, then Q = qA [1/b] ∩ B is a height-one prime divisor of xB (hence xB is Q-primary, so Q = P ) and Q ∩ A = q = p = P ∩ A (since ht(q) = 1 < ht(p)), and this is a contradiction. Therefore it follows that b ∈ Rad(xA). So (1) holds.
If ht(p) = 1, then b / ∈ P (else J ⊆ p = P ∩ A and this implies the contradiction that ht(p) > 1). Therefore Q = pA [1/b] ∩ B is a height-one prime divisor of xB (so Q = P ) and
n A for all large integers n, and xB ∩ A is p = P ∩ A-primary, hence xA : A b n A is p-primary for all large integers n. Also, since xA ⊆ xA : A b n A ⊆ xB, it follows that xB = (xA : A b n A)B for all nonnegative integers n. Further, xB ⊆ pB ⊆ P and P = Rad(xB), so P = Rad(pB). However, p is principal, so it follows that pB is P -primary. Then pB : B bB = pB, since P : B bB = P , hence p ⊆ {q | q ∈ Ass A (A/J)} and pB = P (by Proposition 3.6), so (2) holds.
Remark 3.10. If x ∈ J (x = 0) and if xB is P -primary, then J is P ∩ A-primary and bB is P -primary.
Proof. It is shown in Proposition 2.2 that qB is a height-one prime ideal for each q ∈ Ass A (A/J) and that J is q-primary if and only if bB is qB-primary. The conclusions clearly follow from this.
We next consider a height-one prime ideal p in A such that b / ∈ p. We want to determine when pA [1/b] ∩B has a principal primary ideal. It is shown in Proposition 
Proof. (In (2) , it should be noted that n i < a i for at least one i ∈ {1, . . . , d}, since
, so it suffices to show that (1) ⇒ (2). For this, assume that (1) holds, say βB is P -primary. Then since P ∩ A = p has height one, it follows from Remark 3.10 that β / ∈ J. Therefore by Lemma 3.2 let h be the positive integer and x the element in 
, and by the uniqueness of h and x in the preceding paragraph, it follows that m = h and z = x. Then π ∈ P = Rad(βB), so there exists a positive integer n such that π n = βγ for some γ ∈ B. If γ / ∈ J, then by Lemma 3.2 let k be the nonnegative integer and y the element in ∈ xA it follows that at least one e i < a i ).
If γ ∈ J, then π n b h = xγ, so an argument similar to that in the preceding paragraph yields the same conclusion. 
Conversely, if P = βB, then β / ∈ J (since, otherwise, P = Rad(bB) and ht(P ∩A) > 1 by Remark 3.10, and this contradicts ht(P ∩ A) = 1). 
If A has the property that an ideal contained in a finite union of ideals is contained in one of them, then this becomes more useful and interesting.
With regard to Remark 3.13(2), a theorem of McAdam in [11] states:
. . , J n be (not necessarily distinct) ideals of a ring R and
c 1 , . . . , c n ∈ R. If I is an ideal of R such that I ⊆ n i=1 (J i + c i ),
and if for each i and each maximal prime P of R/J i , R/P is infinite, then I + c i R ⊆ J i for some i.
(A good reference for such things is [3] .) We have now handled case (1) of Remark 3.1. Before considering case (2) of Remark 3.1 in Section 4, we summarize our results. 
Proof.
(1) follows immediately from Proposition 3.6, and (2) follows from Proposition 3.9 and Proposition 3.11(1) ⇔ (2).
Corollary 3.15. If P is a nonzero principal prime ideal in B and ht(P ∩ A) = 1, then either:
(1) P = πB for some prime element π ∈ A − {q | q ∈ Ass A (A/J)}; or, (2) P = βB for some β ∈ B − A as in Theorem 3.14(2) with e = 1.
(1) follows immediately from Proposition 3.6, and (2) follows from Proposition 3.9 and Corollary 3.12.
The case where height(P ∩ A) > 1
In this section we consider case (2) of Remark 3.1, that is, we are interested in the height-one prime ideals P of B such that ht(P ∩ A) > 1. To obtain an easy to apply criterion for when these primes P are either principal or have a principal primary ideal we introduce a restriction on the factors b 1 , . . . , b d of b. However, most of the results in this section do not need this restriction, so we do not introduce it till near the end of this section. (We assume throughout this section that A is a Cohen- Macaulay UFD, and b, c 1 , . . . , c g , J, I = (c 1 , . . . , c g 
Therefore the conclusions follow from Lemma 2.1. 
Concerning Proposition 2.2 and Proposition 4.1, it is easy to give examples where
b = b 1 a1 · · · b d a d
Proof. (1) ⇒ (2), by Proposition 2.2. It is clear that (2) ⇒ (3).
To show that (3) ⇒ (4), assume ht(p) = g + 1 and ht(pB) = 1. Let P be a height-one prime divisor of pB, so p ⊆ P ∩ A, so it follows from Lemma 2.9(3) that P ∩ A = p. Therefore (4) holds, so (3) ⇒ (4).
(4) ⇒ (1) by Lemma 2.9(3). Finally, it follows immediately from Proposition 2.2 that (1) ⇔ (5). g + 1) prime (resp., primary) ideal (resp., = A).
Proposition 4.5. If p is a height-one prime ideal in
A such that b ∈ p, then pA = b i A for some i = 1, . . . , d. Also, pB = b i B is
a (height-one) prime (resp., primary) ideal (resp., = B) if and only if (b i , I)A is a (height
and each b h is a prime element. Then pB = b i B, so it follows from Proposition 4.1 that pB is a height-one prime ideal (resp., primary ideal) (resp., = B) if and only if (b i , I)A is a height g + 1 prime ideal (resp., primary ideal) (resp., = A).
The following remark strengthens the conclusion of Proposition 3.9(1). We need one more result concerning the height-one prime ideals P in B that have a principal primary ideal. For this result, we introduce for the first time a restriction on the factors b 1 , . . . , b d . This restriction is used to sharpen the conclusion of the next result and its corollaries. Proof. If ht(p) > 1, then b ∈ p, J ⊆ P ∩ A, and P = pB, by Lemma 2.9(3).
Since b ∈ P = Rad(βB), it follows that there exists a positive integer m such that b m = βγ for some γ ∈ B. If β ∈ A, then since ht(p) > 1, it follows from Proposition 3.9(1) and Remark 4.6 that P = Rad(b i B) for some i = 1, . . . , d , as desired.
Therefore assume that β / ∈ A. We now consider the two cases: (1) γ ∈ A; and, (2) γ / ∈ A. For both cases, by Lemma 3. 
, and at least one e i − ha i > 0 (since β ∈ P = B) and at least one e j − ha j < 0 (since β / ∈ A). Reorder the subscripts so that β = u/v, where u = Therefore it may be assumed that at least one b f B = B (with f ∈ {i +1, . . . , j}), Proof. If π ∈ q ∈ Ass A (A/J), then πB ⊆ qB and qB is a height-one prime ideal such that qB ∩ A = q, by Proposition 2.2, and qB has a principal primary ideal if πA = b i A for some i = 1, . . . , m (by hypothesis), so πB has at least s + k prime divisors and at least s of them have a principal primary ideal. (If b 1 , . . . , b d satisfy the Radical Property with respect to I, then only the ideals q i B (with i ∈ {1, . . . , m}) have a principal primary ideal, by Proposition 4.8.)
Also, if P is a prime divisor of πB, then ht(P ) = 1 (since B is Cohen-Macaulay, by Proposition 2.2), so either: (3)); or, ht(P ∩ A) = g + 1 (so b ∈ P ∩ A, and P ∩ A ∈ Ass A (A/J), by Lemma 2.9(3), so P is one of the prime ideals considered in the preceding paragraph).
(1) and (2) readily follow from the preceding two paragraphs.
We close this section by briefly considering the prime factors of the elements c 1 , . . . , c g .
Remark 4.12. With the fixed notation, the following hold: (1) if (b i , c j )A is a q-primary ideal for some i = 1, . . . , d and j = 1, . . . , g (and ht(q) = 2), then (b i , c j,k )A is a Q-primary ideal for at least one prime factor c j,k of c j . Proof. Assume that q is a height-two prime ideal in A and that (b i , c j ) A is qprimary. To prove (1), let c j,1 , . . . , c j,m be (not necessarily distinct) prime elements  in A such that c j = c j,1 · · · c j,m and for h = 1, . . . , m let C 
The case where b is a primary element
In this section we give some additional results, under the assumption that b is a power of a prime element in A. We say that b with this property is a primary element.
Theorem 5.1 shows that if b is a primary element and J is not a primary ideal, then B is not a UFD. Proof. The last statement clearly follows from the first, so it suffices to show that P ∩ A ⊆ Rad(J).
For this, suppose that q = q are prime divisors of J such that P ∩ A ⊆ q and P ∩ A ⊆ q . (It is shown in Proposition 2.2 that ht(q) = g + 1 = ht(q ), so P ∩ A is a proper subset of q and b / ∈ P ∩ A, by Lemma 2.9(3).) Let p = P ∩ A = πA, so b / ∈ πA, and P = pA [1/b] ∩ B, so P is the only prime ideal in B that lies over p (by Lemma 2.9(2)). We now show that P does not have a principal primary ideal (so this contradiction to the hypothesis shows that J is primary).
For this, assume that P = Rad(βB). Then β / ∈ p = P ∩ A, since qB is a heightone prime divisor of aB for each nonzero a ∈ p (by Proposition 2.2). Therefore let
. Then π n ∈ βB, since P = Rad(βB) and π ∈ P ∩ A = p. Therefore π n = βγ for some γ ∈ B, and we now consider the two cases: (1) γ ∈ A; and, (2) γ ∈ B − A.
For case (1) , it follows that π n b h = xγ. Since x / ∈ bA and bA is primary, it follows from unique factorization in A that x = ωb 1 f π e for some unit ω of A, for some nonnegative integer f < a 1 , and for some positive integer e ≤ n (e > 0, since
, and Rad(bB) ∩ A = Rad(J), by Proposition 2.2. Therefore π e ∈ Rad(J), so π ∈ q , and this contradicts the choice of π. Therefore (1) does not hold, so (2) must hold. a1 A and y / ∈ b 1 a1 A. Therefore (2) also does not hold, so the supposition that J has at least two distinct prime divisors yields the contradiction that P is not the radical of a principal ideal.
In the next theorem we show (under the assumption that A is a UFD and b is a primary element) that the converse of Theorem 2.4(3) holds; that is, we characterize when B is a Krull domain with torsion class group in this case. Proof. That (1) implies (2) is clear, and (2) implies (3) 
. .∪q n , and let P = pA [1/b] ∩B. Then it follows from Proposition 3.11 that p = πA is such that P has a principal primary ideal if and only if there exist positive integers e, h and a nonnegative integer n 1 such that
is such that P has a principal primary ideal if and only if there exist positive integers e, h such that
We close this section with the following comment that extends the usefulness of the preceding results. 
Application to the Rees ring
In this section we apply the previous results to the Rees ring R(A, J) , where A and J are as in the previous sections.
Remark 6.1. Let A be a Cohen-Macaulay UFD, let J be generated by the Asequence b, c 1 , . . . , c g , and Proof. For (1), if J is integrally closed and is generated by an A-sequence, then so is (u, J)A * , so (1) follows from Theorem 2.4(1) (with R and u in place of B and b). For (2), if J is integrally closed and primary, then so is (u, J)A * , so (2) follows from Theorem 2.4(2).
For (3), if J is prime, then so is (u, J)A * and uA * is also prime, so (3) follows from Theorem 2.4(3).
The next result is used in Theorem 6.4 to characterize when R(A, J) is a CohenMacaulay UFD. Proof. Note that u is a prime element in A * , so the conclusion follows from Theorem 5.1.
Proposition 6.3. If P is a height-one prime ideal in R(A, J) that is the radical of a principal ideal, if ht(P ∩ A[u]) = 1, and if
It follows immediately from Proposition 6.3 that R is not a UFD if J is not a primary ideal. In the next result we characterize when R is a Cohen-Macaulay UFD.
Theorem 6.4. R(A, J) is a Cohen-Macaulay UFD if and only if J is prime, and then uR(A, J) is a prime ideal.
Proof. If J is prime, then so is (u, J)A * , so R(A, J) is a UFD and uR(A, J) is a prime ideal, by Proposition 6.2(3).
For the converse, assume that J is not a prime ideal. By Proposition 6.3, if J is not primary, then R(A, J) is not a UFD, so it may be assumed that J is primary, say Rad(J) = q. Then uR(A, J) is primary for (u, q)R(A, J), by Proposition 2.2, and u is part of a minimal basis for (u, q)R(A, J) (since all elements of negative degree are a multiple of u), so it follows that (u, q)R(A, J) is not a principal prime ideal, hence R(A, J) is not a UFD.
The following corollary strengthens Corollary 2.7 by removing the "permutable" hypothesis. 
-primary and that uR is (u, q)R-primary. Therefore J is q-primary and uB = bB is (u, q)B = qBprimary, so it follows from B = B[tb, 1/(tb)] that bB is qB-primary.
Our final result in this section characterizes when pA [u, t] ∩ R(A, J) has a principal primary ideal and when it is a principal prime ideal, where Proof. (1) follows immediately from Remark 5.4, and (2) follows from (1) and Corollary 3.12.
An application
We end by expanding on the example mentioned in the Introduction in order to illustrate some of the results in this paper. In particular, it is shown that each finitely generated abelian group is Cl(B) where B is a monoidal transform A[J/b], with A a Cohen-Macaulay UFD. In the following we assume for simplicity that the ring R contains a field of characteristic zero, although it will be clear that substantially less would suffice. Proof. Take R to be a field of characteristic zero in Theorem 7.5.
